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controllable spin precession, leading to the generation of one-way, switchable
spin-polarized photocurrents, a non-equilibrium effect forbidden in TIs under
time-reversal symmetric (equilibrium) conditions. This mechanism effectively
realizes SFET functionality within a driven T, specifically operating within a
distinct Floquet replica, offering a new paradigm for light-based control in
topological spintronics.
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Light-induced phenomena in materials can exhibit exotic behavior that
extends beyond equilibrium properties, offering new avenues for under-



van der Waals heterostructures Precedent of the “non-Hermitian skin effect
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Capital to topological insulators, the bulk-boundary correspondence ties a topological invariant computed from

Acoustic SYS tems and metamaterials the bulk (extended) states with those at the boundary, which are hence robust to disorder. Here we put forward a
Li Zhang et al. Nature Communications 12, 6297 (2021) different ordering unique to non-Hermitian lattices whereby a pristine system becomes devoid of extended states,
M. Branden bourg er et al. Nat. Comms. 10, 4608 {: 201 9} a property which turns out to be robust to disorder. This is enabled by a peculiar type of non-Hermitian degeneracy
where a macroscopic fraction of the states coalesce at a single point with a geometrical multiplicity of 1.
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What’s in these 3 lectures

Organization of these lectures

Brief motivation: What’s the hype about topological matter?

Topology in one dimension: The SSH model

Graphene’s bandstructure

The many faces of the Quantum Hall Effect

From Haldane’s model to Topological Insulators All the material from these lectures will be

here:

New directions




Quantum materials: where the many path

Quantum effects are everywhere
but in some materials they become evident
at a wider range of energy and length scales.

Quantum materials include superconductors,
graphene, topological insulators, Weyl semimetals, quantum spin liquids,
and more.

Sources of the underlying properties include:
reduced dimensionality and interactions.



Quantum Hall effects

Macroscopic quantum phenomena



Quantum Hall effects

materials
and
applications

artificial systems
under
extreme conditions



Final remarks

Quantum Hall effects

PHYSICAL REVIEW LETTERS 122, 200001 (2019)

materials
and

Essay: Quantum Hall Effect and the New International System of Units applications

Klaus von Klitzing
Max Planck Institut fiir Festkorperforschung, Heisenbergstrafze 1, D-70569 Stuttgart, Germany

® (Received 18 March 2019; published 20 May 2019)

On 20 May 2019 the International System of Units will switch over to a new, globally accepted
set of definitions based on constants of nature. The quantum Hall effect, discovered 39 years ago,
plays an essential role in this development and will now contribute to a new definition of the
kilogram. Ironically, the title of publication in Physical Review Letters that introduced the quantum Hall
effect is, in hindsight, inaccurate in view of the revised units [K. von Klitzing, G. Dorda, and M. Pepper,
New Method for High-Accuracy Determination of the Fine-Structure Constant Based on Quantized Hall
Resistance, Phys. Rev. Lett. 45, 494 (1980)].

DOI: 10.1103/PhysRevLett.122.200001




THE SI

materials
The SI — the modern metric system — has seven base units from which all other measurement units can be derived. On May 20, a nd
2019, four of them — the kilogram, kelvin, ampere and mole — were redefined in terms of constants of nature. The remaining ; it T 3
three — the second, meter, and candela — are already based on universal constants. : : : S 7 = Goe B M a ppl icatiOnS

Click on the Sl symbols below for more information.

Kilogram Candela
kg cd

https://www.nist.gov/si-redefinition




Against all odds, topolog

Quantum Hall effects

[Submitted on 20 May 2021]
arXiv:2105.09954 [cond-mat.mtrl-sci]

materials
and
applications

All Topological Bands of All Stoichiometric Materials

Maia G. Vergniory,»2:* Benjamin J. Wieder,®* % * Luis Elcoro,® Stuart S. P.
Parkin,” Claudia Felser,® B. Andrei Bernevig,” and Nicolas Regnault?:9:f

38,298 unique materials (nonmagnetic)

52.65% of all materials are topological at EF


https://arxiv.org/abs/2105.09954
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Lecture 1
Topology in one dimension: the SSH model

From dimerization to protected boundary states

Luis E. F. Foa Torres - Universidad de Chile

foatorres.com - @foatorres
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Historical context for the SSH model

Werner Heisenberg and Felix
Bloch around 1931



A long history of electron-phonon

interaction in solids

ANNALEN DER PHYSIK

5 FOLGE, 1930, BAND 4, HEFT?2

Zur Theorie der elektrischen
und thermischen Leitfihigkeit von Metallen

Von R, Peierls
(Mit 1 Figur)

Einleitung

Die Frage nach dem Mechanismus der Elektronenbewegung
in Metallen ist seit den Untersuchungen von Bloch?) als
ziemlich abgeschlossen anzusehen. Es wurde dort u.a. gezeigt,
daB sich ein Elektron in einem rein periodischen Kraftfeld
ungehindert bewegen kann, daB also ein Widerstand immer
erst durch die thermische Bewegung des Gitters zustande
kommt. Die Verhaltnisse liegen idhnlich wie bei der Streuung
von Rontgenstrahlen; Houston?) und Frenkel?) versuchten,
die Wechselwirkung zwischen den Elektronen und den Gitter-

schwingungen genau analog zu der hekannten Beugungstheorie
fitv PhAntoanctvahlan 21 hahandaln Rlanh matate 1adarh AdaR

The Electrical Resistance of Metals.

P. W. Bridgman
Phys. Rev. 17, 161 — Published 1 February 1921

REVIEWS OF MODERN PHYSICS VOLUME 23, NUMBER 3 JULY, 1951

Electron-Vibration Interactions and
Superconductivity

J. BArDEEN*
Bell Telephone Laboratories, Murray Hill, New Jersey



A long history of e-ph interaction in solids:
The Peierls’ transition

- Hudolf Paiarl
WMore Surprises

/ inTheoretical
Physics

W RIERE o PR

Heisenberg's Institute in Leipzig, 1931. Front row (L-R): George Placzek (sitting on desk), Rudolf Peierls and Werner
Heisenberg; back row (L-R): Giovanni Gentile Jr., Gian Carlo Wick, Felix Bloch, Viktor Weisskopf and Fritz Sauter.
Copyright: Alessandra Gentile




A long history of e-ph interaction in solids:

The Peierls’ transition
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metal Peierls’ insulator

G. Gruner, The dynamics of charge density waves, Rev. Mod. Phys. 60, 1129 (1988)



A long history of e-ph interaction in solids:

The Peierls’ transition

(2) — () (D)~
® 6 ¢ & & o o o 0 ® 0 0 ® 0
T \ ™ 2(1: ] \

I atom L atom

placement 8. The behavior of the reduction in electronic energy for A

small displacement is therefore as

- &%log b. (2.3.5)

This is interesting because there may be other effects favoring the
regular spacing, 8 = 0, such as the repulsion between the atomic

cores, but these will have an energy varying as 82, and therefore the :

electron energy must dominate for small displacement. This sug- :

gests that the periodic chain must always be unstable.

metal Peierls’ insulator

G. Gruner, The dynamics of charge density waves, Rev. Mod. Phys. 60, 1129 (1988)



A long history of e-ph interaction in solids:

The Peierls’ transition

(2) oo (1) (b)/\/\/\/\p("")
® ©© © & ¢ o o o ® 0 ® e 0 ® e
Ta” ‘\t * 2a ] at'})m

Behavior as a function of temperature, CDWs, critical temperature T

G. Gruner, The dynamics of charge density waves, Rev. Mod. Phys. 60, 1129 (1988)



A long history of e-ph interaction in solids:

The Peierls’ transition

® 6 & & & o o o o0 e o0 L
a g ° 2a - \
- atom - atom
;\ Electron-phonon interaction leads to: /J:
| |
DR
: Metal-insulator transition for electrons (below T.) j_?A :
: & !
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! |

Kohn-anomaly for phonons
—7/a (Softening of a/specific phonon mode, above T) >k




A long history of e-ph interaction in solids:

The Peierls’ transition

This instability came to me as a complete surprise when I was
tidying material for my book (Peierls 1955}, and it took me a consid-
erable time to convince myself that the argument was sound. It
seemed of only academic significance, however, since there are no
strictly one-dimensional systems in nature (and if there were, they
would become disordered at any finite temperature; see Surprises,
sec. 4.1). I therefore did not think it worth publishing the argument,
beyond a brief remark in the book, which did not even mention the
logarithmic behavior.

In this case the first surprise was in the mathematical result for
the one-dimensional case; a second surprise was that this had some

connection with reality.

~_~More Surprises

in Theoretical
Physjcs
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Synthesis of Electrically Conducting Organic Polymers:
Halogen Derivatives of Polyacetylens. (CH)«
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A long history of e-ph interaction in solids:
Conducting polymers

(a)

VOLUME 42, NUMBER 25 PHYSICAL REVIEW LETTERS 18 JUNE 1979 I D
c/ \c/ \c/ \c/i\c/ \c/

F 1 brr ]

Solitons in Polyacetylene " 8 i "

W. P. Su, J. R. Schrieffer, and A, J. Heeger
Department of Physics, University of Pennsylvama, Philadelphia, Pennsylvania 19104

(Received 15 March 1979)

b
(b) (k)
We present a theoretical study of soliton formation in long-chain polyenes, including the

energy of formation, length, mass, and activation energy for motion. The results provide ¥
an explanation of the mobile neutral defect observed in undoped (CH),. Since the soliton
formation energy is less than that needed to create band excitation, solitons play a funda-
mental role in the charge-transfer doping mechanism.

4t, + +
4t, -/a _.L Tf/20 0] /20 ma K

v

FIG. 1. (a) Trans configuration of (CH),. a=1.2 A,
(b) m-band structure of perfectly dimerized (CH),.



THE PUZZLE

Two gapped chains. The same insulator?

Dimerization A

‘—.I " t‘—.l p ‘._.I p A‘_.l 7 t‘—.l ' ‘._.I p l._.

Dimerization B

® Oo—o o—o O—e O—0 O—0 O0—0 0
Both have two sites per cell - two bands - a finite bulk gap

Can a bulk property distinguish them?

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres 2



PHYSICAL ORIGIN

Where the model comes from: polyacetylene

A uniform half-filled Two degenerate dimerized patterns

chain
o0 00 0o—0 @O0 @0
0-0-0-0-0-0-0-0-0-0 %

metallic in the simplest picture Peierls

A lattice distortion opens a gap — but it also creates two possible insulating ground
states.

W. P. Su, J. R. Schrieffer & A. J. Heeger, Phys. Rev. Lett. 42, 1698 (1979)

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres
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PHYSICAL ORIGIN

The distinction becomes visible at a boundary

Strong bonds at the ends

‘_.. ‘_.. ._.. ._.. ‘_.. ._.. ._.

Weak bonds at the ends

‘ f ‘. ‘l . ‘l ‘. ‘l ‘. ‘l X . ‘ f ! . ‘ ; J .

—

unpaired end degrees of freedom

We now look for a bulk statement that predicts this boundary difference.

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres
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REAL SPACE

The SSH Hamiltonian

H = E VaTb +Wa b + h.c.
n

« one orbital per site; two sites A and B per unit cell
* spin is suppressed for simplicity
» nearest-neighbor hopping only; take both hoppings to be positive

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres 5



WARM-UP

Two limits you can solve by eye

w = O only intracell bonds vV = O only intercell bonds
isolated dimers — every site is paired the two end sites decouple completely
— Y/ — Y
two flat bands at +v e () two states pinned exactly
nothing inside the gap at zero energy — one per end
— —V —_— =W

Away from these limits the bonds compete. Which features survive at general v, w — and why?

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres 6



BULK PROBLEM

From the lattice to momentum space

cell n

1 :
3 = — e/knaak
==Y

k

1 Z Ikna
— e bk
VN 4

a = unit-cell length - N = number of cells

b

Quantum Matter Horizons School - Santiago - July 2026

lwi) = (ak bk)T

The bulk problem is now a
2 x 2 eigenvalue equation.

foatorres.com - @foatorres
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BULK PROBLEM

A two-band Bloch Hamiltonian

H(k)|uk) = E(k)luk)

all the geometry is
contained in one complex number

The diagonal vanishes because there are no A—A or B—B terms.

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres 8



BULK PROBLEM

The Hamiltonian as a vector

H(k) = dx(k)ox +d,(k)o,

dy(k) = v+ wcos(ka)
d, (k) = wsin(ka)
d,(k) =0

As momentum changes, the Hamiltonian
vector draws a closed path in a plane.

Quantum Matter Horizons School - Santiago - July 2026

the tip traces the dashed circle once per Brillouin zone
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BULK PROBLEM

The bands do not yet reveal the distinction

2.0 1

1.5

1.0 1

0.5

0.0

energy

=1.0 1

-1.5

V>w

/\

~_

w>v

~__—

- 0 1
k/m

Quantum Matter Horizons School - Santiago - July 2026

A ; :
ki

E. (k) = £lq(k)]

Both sides have

* two bands

* a symmetric spectrum
« a finite gap

Something besides the
eigenvalues is needed.

foatorres.com - @foatorres 10



BULK PROBLEM

To move between the two regimes, the gap must close

before gap closing after
) /\ _ /\ V = W
- q(n/a) =0

\/ \/ E.(m/a) =0

-2 -
-1 0 - 0 1 0 1 The insulating state is
kin kin kin undefined at the
transition.

energy

Whatever bulk number distinguishes the two regimes, it can change only at a gap
closing.

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres 11



SYMMETRY

The protecting constraint: chiral symmetry

Al lB Al .B Al ‘B A‘ ‘B r — O-Z
FTH(KM " = —H (k)

hopping connects A only to B

{IIH(k)} =0

Equivalently:

Chiral symmetry forbids an out-of-plane component: the path of d(k) is pinned to
the plane.

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres 12



SYMMETRY

What chiral symmetry buys us

o Spectral pairing Where eigenstates live
+E
Hl[//> — E|W> E # 0 — equal weight on A and B
O~ Q@ r=0 r—@r=0r— @
Hlly) = —ET|y)
0

E = 0 — one sublattice only

® 00— @ —0— @ —O
~ ~ ~

an isolated zero mode can be chosen as a
chiral eigenstate — pinned to one sublattice

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres 13



TOPOLOGY

The Brillouin zone becomes a closed curve

g(k) =v+we'r?

q(k) = dx(k) +idy(k)

the same closed path as the d-vector, read as one
complex number

e center:v

Re g * radius: w
e one circuit as k crosses the BZ

The origin is the gap-closing point.

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres 14



TOPOLOGY

Counting how many times the curve winds
q(k) = |q(k)|e®
1

V = — dk Oke(k)
27 B7

v=0 origin outside v =1 origin enclosed

The winding is integer-valued: it cannot drift continuously under a smooth deformation.

J. K. Asboth, L. Oroszlany & A. Palyi, A Short Course on Topological Insulators, Lect. Notes Phys. 919 (Springer, 2016) - arXiv:1509.02295

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres
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TOPOLOGY

Two phases and the transition between them

Req Req

V> Ww V=W

v =0 gap closes

Quantum Matter Horizons School - Santiago - July 2026

Req

m
\_/

w >V
vV =

foatorres.com - @foatorres
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TWO-MINUTE DISCUSSION

Checkpoint: diagnose the phase without diagonalizing H

For each path: Is the system gapped? What is the winding humber?

What must happen before A can become C?

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres 17



TOPOLOGY

Topology ignores shape, but not the gap

does not enclose the origin encloses the origin

7

Allowed deformations

« change v and w smoothly
« distort the loop
» add longer-range A—B bonds

Forbidden shortcut

cross the origin while
remaining an insulator

Different winding numbers label disconnected sets of gapped Hamiltonians.

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres
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TOPOLOGY

The phase diagram: two islands that cannot touch

e What makes v a topological invariant?
pi=l "QO //,
7
Bpoloil i * itis an integer computed from the gapped bulk
7
N g « it cannot change under deformations that keep the
“\*/ e b gap open and respect chiral symmetry
40 lN
: // TN S0 it can only change where the gap closes: the line
adiabatically > b V=W
connected ,4’
7’
’/
,/, v=_0
/, ivi ; . c .
i rivial Any two chains inside the same region are
g adiabatically connected: they are one phase.

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres
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OPEN BOUNDARIES

The bulk invariant meets a physical boundary

Periodic boundary conditions Open boundary conditions

‘l ‘. ‘l . ‘l ‘. ‘l ‘. ‘ .. ‘ I‘. ‘ J ‘. ‘l \ . ‘MI . " .
- — - — — — —

—

Bloch bands and winding possible boundary-localized states

Bulk—boundary correspondence asks whether the bulk winding predicts the boundary
spectrum.

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres
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OPEN BOUNDARIES

The open chain develops in-gap states

In the nontrivial regime

* the bulk remains gapped

* two states approach zero
energy

* here N = 14 cells — the pair
hugs zero as w/v grows

-1 4

energy
o

0.4 0.6 0.8 1.0 1.2 14 16 The new states have no
wiv periodic-bulk counterpart.

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres 21



OPEN BOUNDARIES

The in-gap states live at the ends

Q P -‘— Q " -‘— g P -‘— \_Q/ P .‘—Qj -‘—J’ -‘

é/, B A B TA/ B A B A B A B
left-edge mode: amplitude only on the A sublattice

o oO—0 O—0 O — . @ p—— @

A B A B A B A B A B- A B _

right-edge mode: amplitude only on the B sublattice

Localization and sublattice polarization follow directly from zero energy and chiral
- symmetry.

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres 22



OPEN BOUNDARIES

Deriving the left-edge state

® or—0— 00— 00 ® At zero energy, choose

b, =0

open end

%
va,+wany1 =0 — g,y = ——a,
W

Each unit cell multiplies the amplitude by the negative hopping ratio.

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres 23



OPEN BOUNDARIES

Normalizability selects the topological regime

—e— |v/w|=0.35
0.8 - —e— |v/w| =0.55
- |v/w|=0.78
0.6
™~
=
S 04 4
0.2
0.0 & S 2 =)
T T T T T
1 4 7 10 13
unit cell n

|74 n—1
an s (=)
w

"4
)— <1
W
normalizable < w > v

el
4

The edge-state condition is exactly the nontrivial bulk winding condition.

Quantum Matter Horizons School - Santiago - July 2026

foatorres.com - @foatorres
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OPEN BOUNDARIES

Finite chains: the two ends can talk to each other

101
o ® 00 0-0-0-0-0~0 00 O
:E 10
e 10-
p —L
: AE ~e7t/s
N 104
Q
=
ol - two near-zero levels at opposite

_— energies

5 10 15 20 25 30 - the splitting vanishes exponentially
number of unit cells N with Iength

Exact zero energy is recovered in
the semi-infinite limit.

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres 25



BULK-BOUNDARY CORRESPONDENCE

An interface makes bulk—boundary correspondence explicit

1

trivial bulk v =0 topological bulk v

domain-wall state

Ninterface = |Vright — Vieft

In polyacetylene, this is the soliton associated with a change of dimerization.

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres 26



PROTECTION

The boundary state does not require a perfect lattice

random hopping — still only between A and B

What is preserved? What can remove the state?
* chiral symmetry * closing the relevant bulk gap

* a bulk or mobility gap  breaking the protecting symmetry
« the interface winding mismatch « annihilating it with another mode

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres 27



PROTECTION

Without chiral symmetry, the loop can escape

Add a staggered onsite potential — m=0

H(k) — H(k) +mo,

- the chiral anticommutator no longer vanishes ( )

 a nonzero out-of-plane component is now
allowed

« the path can leave the plane
L]

\ A

Once the planar constraint is removed, the loop can be contracted without reaching the origin.

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres 28



INTERPRETATION

A subtle point: unit cell and termination move together

Choice 1: group A and B in the same cell Choice 2: shift the cell boundary by one site

*—0—0—0—0—0—0—0—0—0 0—0—0—0—0—0—0—0—0—0

A relabeling may shift the numerical winding — but it also shifts where the chain is cut.

« compare two bulks using one consistent convention
* the invariant content is the difference across a physical interface
 polarization is defined modulo one electron charge

No unit-cell convention creates a physical edge state by itself.

Quantum Matter Horizons School - Santiago - July 2026 foatorres.com - @foatorres 29



TAKE-HOME MESSAGE

The SSH diagnostic card

BULK HAMILTONIAN H(k) j— dXO-X + dyo-y

PROTECTING CONSTRAINT chiral symmetry {rLH} =0

BULK INVARIANT winding number v eZ

PHASE TRANSITION the bulk gap closes when the hoppings become equal
BOUNDARY PREDICTION zero-energy end or interface mode

PHYSICAL LANGUAGE polarization - end charge - soliton

Topology is an obstruction to connecting gapped Hamiltonians while respecting the symmetry.

Further reading: J. K. Asbodth, L. Oroszlany & A. Palyi, A Short Course on Topological Insulators, Lect. Notes Phys. 919 (Springer, 2016) - arXiv:1509.02295
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NEXT LECTURE

From a one-dimensional winding to a two-dimensional response

[

r

1D BZ - winding

Re q

-

"

>

/

Why can the winding not change continuously?

Quantum Matter Horizons School - Santiago - July 2026

Next: A primer on graphene’s bandstructure
the integer Quantum Hall effect

2D bulk - conducting edge?

What replaces it in two dimensions?

foatorres.com - @foatorres
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Graphene’s bandstructure

Luis E. F. Foa Torres






All the material from these lectures will be
here:

Graphene's peculiar electronic structure



Graphene's peculiar electronic structure

Pi orbitals matter most

Foa Torres, S. Roche, J-C Charlier, “Introduction to Graphene-based nanomaterials”, Cambridge University Press (2014).



Graphene's peculiar electronic structure

Real space lattice Reciprocal space

: oy
3‘ ;

Triangular Bravais lattice with a basis



Graphene's peculiar electronic structure

Real space lattice Reciprocal space

1

Triangular Bravais lattice with a basis

Bloch's Theorem + tight-binding approx.



Graphene's peculiar electronic structure

O,

We draw the graphene lattice

-

X

highlighting a central cell
and its neighbors.



@

. We draw the graphene lattice
l_ highlighting a central cell
T and its neighbors.

we got two indexes:
cell index atom type

¥
3A 3B 4A 4B OA OB 1A 1B 2A 2B

@ T

Now we write the Hamiltonian in matrix form. i = 2= 4 w5

Since we have a single orbital per atom 3B 70: 0 '

we got a one to one correspondence between 4A 0 — %0

orbitals and their space position. 4B /__\—"fy'oj 0

Eer 0A| | 0(=70})0 Y| 0 —7Y| 0:0 | 0:0

Assembling | 0B 0 . 0 0 == Y 0 _f}ro 0 —f)/o 0
the Hamiltonian s EEEE 1A 0 —o
is very much like /B/D T 1B “—’}’0 0
playing Battleship GEE [ HEN oA ' .
(or "Batalla Naval" ||| OB 0 =7
as is known in Spain). {5 —70: 0

For example, this is the matrix element connecting sites 3B with OA



@ Now we write the time-independent Schrdédinger equation using Bloch's theorem for the wave-functions.

0 —0 CAelk.(Rg-Ro) c ek (RaRo)
_._7_0. 0 : CBeik.(Ra-Ro) coe'k(ReRo)
0 —70 CAeik-(Ra'Ro) c.elkRaRo)
_“’YlO‘i 4 CBeik.(R4-RU) cae® (RiRo)
0 =Y 0 7~ 0770 0: 01 9:0 Ca - € | Ca
00 0:0[0:0 |—Y: 0 Y0: O Cg Cg
0 —7 c,e/kRiRo) CAelk (R4-Ryo)
_')’0 0 - coek(RiRo) cBe'k (R-Ry)
' 0 —7 c. ek (RoR) c.ekReRo)
_’YO 0 y CBeik.(Rz-RU) crelk-(RaRo)



@ Now we write the time-independent Schrédinger equation using Bloch's theorem for the wave-functions.

070 cxe' R - i
2 ik.(Rs-Ro) 0

)

)

—%0' 0 Cge cge*RsRo)

0 _rYO CAelk R4-Ry CAeik.{R4-R0)

_,-YO O . CBeik RsR, CBeik.(R4-RO)
9,700 7 0 0:0 ] 090 ) Ca = & | Ca
0000 % 0 v oy o Ca Ca

0 — Cae R cpe™ R

\ _»-}/0 0 ] \ CBe|k-(R1'R0) CBe|k-(R1'R0) 1

f

The probability amplitude at a given site of cell | is equal to that at an equivalent site in another cell
but multiplied by a phase.

@ —70 cge*ReR) —ryg cuelkReR) —ry o
—7Y0 cy —70 cpe™* R —rg cpehReRl = gf Cg

Ek Ca R4-Ry,=-a,
Ri-Ry= a,

Il

After some algebra one gets Eq. (2.16) for
the dispersion:

3k, k,
Ex (ky, ky) = i}’o\/l + 4 cos \/_2"(1 CcoSs '120 + 4 cos? 7




Graphene's peculiar electronic structure

Bandstructure and low-energy approximation

n band

electron

Technically, a zero-bandgap semiconductor.



Graphene's peculiar electronic structure

Bandstructure and low-energy approximation

n band

Dirac point

Dirac point is not accidental, See Exercises 2.2 and 2.16
it's protected by symmetries.

Time-reversal (broken by a magnetic field)
and inversion symmetry (broken by a potential which distinguishes A from B-type atoms).



Graphene's peculiar electronic structure

Bandstructure and low-energy approximation

n band

electron

Dirac fermions

0 ke —ik
g, = hvr (kx +ik, 0 y)



Graphene's peculiar electronic structure

Bandstructure and low-energy approximation

n band

electron

Dirac fermions

0 ke —ik
g, = hvr (kx +ik, 0 y)

0 1 0 —i 1 O
sz(l o)’ Jy:(z’ o)’ Uz:(o —1) = VF(pxOx + Py0y),

Pauli matrices



Graphene's peculiar electronic structure

Bandstructure and low-energy approximation

n band

electron

Dirac fermions

0 ke —ik
. = hvr (kx +ik, 0 y)

= VF(Px0x ‘|'py0y)a
(JX9 GV; C)’Z) HK_l_ — VFG'pa

o =



Graphene's peculiar electronic structure

Bandstructure and low-energy approximation

n band

electron

Dirac fermions

0 k., — ik
The state-vector has Hg, = hvp ( _ ¥ Y
a spinor structure kx + ik, 0
= VF(PxOx +py0y)s

6 — (GX9 Gya C)’Z) HK_|_ — VFJ'pp



Graphene's peculiar electronic structure

Bandstructure and low-energy approximation

n band

electron

Dirac fermions

Relativistic-like particles with Hr. = hivp 0 fx — lky
ZERO REST MASS but “low” + k, + iky 0
speed
Ve = 108 m/s 5% = Vr(pxox + pyoy),

6 = (ox,0y,0;)  Hg, = VFO.p,



Graphene's peculiar electronic structure

Bandstructure and low-energy approximation

n band

electron

Dirac fermions

0 kx - ik
= _ H K — hv F ( z y)
| “CERN on a Desk” ’ kx + iky 0

A. Geim = VF(py0y -|—pyo'y),

6 = (ox,0y,0;)  Hg, = VFO.p,



Graphene's peculiar electronic structure

Bandstructure and low-energy approximation

n band

electron

Dirac fermions

0 ke —ik
. = hvr (kx +ik, 0 y)

= VF(Px0x ‘|'py‘7y)a
6 — (JX9 GV; C)’Z) HK_L — VFO-'pa

“CERN on a Desk”
A. Geim



Chirality and pseudospin



Graphene's peculiar electronic structure

Chirality

An object that cannot be superimposed on
its mirror image is called chiral

mirror mirror
! Q

chiral non-chiral
objects objects

O




Graphene's peculiar electronic structure

Chirality and pseudospin

The low-energy Hamiltonians around each valley are not the same, they are transposed

(TRS).
E antiparallel E parallel
parallel antiparallel
momentum P ey
(measured from K.)
pseudospin  —»

See Exercise 2.13 {
E>0 onlin:

Chirality is the



Graphene's peculiar electronic structure

Klein tunneling
(absence of backscattering)

oK
°
pseudospin
Electrons moving to the right Tf_
Electrons moving to the left re

T Ando J Phvs Soc Jon 67 857 (1998) nanotubes]



Graphene's peculiar electronic structure

Klein tunneling
(absence of backscattering)

Scattering backwards would require changing (“flipping”) the pseudospin
— Absence of backscattering!

T Ando J Phvs Soc Jnon 67 857 (1998) nanotubes]



All the material from these lectures will be
here:
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