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F. D. M. Haldane

F. D. M. Haldane, Phys. Rev. Lett. 61, 2015 (1988)
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F. D. M. Haldane

F. D. M. Haldane, Phys. Rev. Lett. 61, 2015 (1988)

A quantized Hall conductance — with no external magnetic field.



PART I · THE HALDANE MODEL · A NEW MASS TERM FOR GRAPHENE

Symmetries of graphene

Quantum Matter Horizons School · Santiago · July 2026 foatorres.com  ·  @foatorres 4

INVERSION / SUBLATTICE SYMMETRY

like the chiral symmetry of the SSH model, it satisfies

The Bloch Hamiltonian is block off-diagonal with respect to the two sublattices.



PART I · THE HALDANE MODEL · A NEW MASS TERM FOR GRAPHENE

Symmetries of graphene

Quantum Matter Horizons School · Santiago · July 2026 foatorres.com  ·  @foatorres 5

TIME-REVERSAL SYMMETRY (TRS)

we do not consider spin here — time reversal is just complex conjugation

time reversal exchanges the two valleys
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THREE-FOLD ROTATION SYMMETRY

Remember its consequences — e.g. trigonal warping of the bands.
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IS

TRS

C3 three-fold rotation symmetry
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IS

TRS

C3 three-fold rotation symmetry

To open a gap we must break either IS or TRS.
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IS

TRS

C3 three-fold rotation symmetry

A gap is necessary: a single band carries no Berry curvature (remember the sum rule).

To open a gap we must break either IS or TRS.
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Let the A and B sites have different on-site energies, say +Δ and −Δ.

The spectrum acquires a gap — but no edge states.
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Let the A and B sites have different on-site energies, say +Δ and −Δ.

The spectrum acquires a gap — but no edge states. Why?
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Let the A and B sites have different on-site energies, say +Δ and −Δ.

The spectrum acquires a gap — but no edge states. Why?

But wait — we also have the two golden rules for the Berry curvature!
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IS

TRS

Consequence: a non-vanishing Chern number requires broken time-reversal symmetry.
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IS

TRS

Consequence: a non-vanishing Chern number requires broken TRS.

This can be done with or without a net magnetic flux.
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Right — we could add a Peierls phase…

But it must not come from a net magnetic field: that would just be the QH effect.
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Right — we could add a Peierls phase…

But it must not come from a net magnetic field: that would just be the QH effect.

IDEA: keep the flux per plaquette equal to zero, while still having non-vanishing phases… 
These phases act like local fields — enough to break TRS, but without producing a net flux.
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IDEA: keep the flux per plaquette equal to zero, while still having non-vanishing phases… These 
phases act like local fields — enough to break TRS, but without producing a net flux.

But we cannot add such a phase to the 
nearest-neighbour hoppings!



PART I · THE HALDANE MODEL · A NEW MASS TERM FOR GRAPHENE

Adding a new mass term — breaking TRS

Quantum Matter Horizons School · Santiago · July 2026 foatorres.com  ·  @foatorres 19

IDEA: keep the flux per plaquette equal to zero, while still having non-vanishing phases… These 
phases act like local fields — enough to break TRS, but without producing a net flux.

But we cannot add such a phase to the 
nearest-neighbour hoppings!

…so we go to next-nearest neighbours.
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IDEA: keep the flux per plaquette equal to zero, while still having non-vanishing phases… These 
phases act like local fields — enough to break TRS, but without producing a net flux.

But we cannot add such a phase to the 
nearest-neighbour hoppings!

…so we go to next-nearest neighbours.
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“mass” term breaking sublattice / 
inversion symmetry

Haldane term: second-nearest 
neighbours (complex!)
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“Anomalous” Hall effect
The birth of the lattice Chern insulators

Gap + edge states
(one at each edge, ribbon geometry)

Foa Torres, S. Roche & J.-C. Charlier, Introduction to Graphene-Based Nanomaterials, 2nd ed., Cambridge 
University Press (2020)
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Chern number

−1

+1

0

Foa Torres, S. Roche & J.-C. Charlier, Introduction to Graphene-Based Nanomaterials, 2nd ed., Cambridge University Press (2020)
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Chern number

−1

+1

0

The axes are the magnitudes controlling the two 
“mass terms”.

Foa Torres, S. Roche & J.-C. Charlier, Introduction to Graphene-Based Nanomaterials, 2nd ed., Cambridge University Press (2020)
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•  The Haldane model in the context of the search for quantum-Hall-like physics.

•  Symmetries of graphene: inversion (IS) and time reversal (TRS).

•  Opening a gap in graphene needs breaking IS or TRS.

•  IS breaking: the Semenoff mass — a gap, but a trivial one.

•  TRS breaking:

–  magnetic field  →  quantum Hall effect

–  Haldane term, a “local field”  →  a new phase: QH-like physics, but as a lattice 
property!
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Jotzu et al., Nature 515, 237 (2014) — ultracold fermions

Bestwick et al., Phys. Rev. Lett. 114, 187201 (2015) — quantum 
anomalous Hall effect
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Quantum spin Hall effect in graphene
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C. L. Kane & E. J. Mele, Phys. Rev. Lett. 95, 226801 (2005)
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C. L. Kane and E. J. Mele

They will share the $3 million award “for new ideas about topology and symmetry 
in physics, leading to the prediction of a new class of materials that conduct 
electricity only on their surface.”
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It’s the end of 2004.
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It’s the end of 2004.

The playground is, once more, graphene.

This time, unlike at the time of Haldane’s model, graphene already exists in the lab — 
and there is a surge of interest in this newly discovered material.

Kane and Mele break through by proposing a new mechanism, one that transcends 
any particular material.
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Without spin, the only terms that can open a gap in the graphene lattice are:

[the idea: enumerate all possible terms that respect graphene’s symmetries]

•  a mass term breaking sublattice / inversion symmetry  (e.g. graphene on BN)

•  a mass term breaking TRS  (e.g. the Haldane term)
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Without spin, the only terms that can open a gap in the graphene lattice are:

[the idea: enumerate all possible terms that respect graphene’s symmetries]

•  a mass term breaking sublattice / inversion symmetry  (e.g. graphene on BN)

•  a mass term breaking TRS  (e.g. the Haldane term)

BUT the spin–orbit interaction allows for a different kind of gap-opening term:

Spin–orbit
coupling

± 1 depending
on the spin
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Without spin, the only terms that can open a gap in the graphene lattice are:

[the idea: enumerate all possible terms that respect graphene’s symmetries]

•  a mass term breaking sublattice / inversion symmetry  (e.g. graphene on BN)

•  a mass term breaking TRS  (e.g. the Haldane term)

BUT the spin–orbit interaction allows for a different kind of gap-opening term:

Spin–orbit
coupling

± 1 depending
on the spin

. Preserves Sz

. Preserves TRS
(this is: none of the symmetries of 
graphene are broken)
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Relativistic correction to the Schrödinger equation.  It can be thought of as a 
Zeeman effect for the electrons, caused by the (relative) motion of the nuclei.

It is more important for materials made of heavier atoms.

Typically it removes the orbital degeneracy.
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BUT the spin–orbit interaction allows for a
different kind of gap-opening term:

Spin–orbit
coupling

. Preserves Sz

. Preserves TRS
(this is: none of the symmetries of graphene are 
broken)

Two copies of the Haldane 
Hamiltonian, one for each spin — 

with a reversed sign!
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BUT the spin–orbit interaction allows for a
different kind of gap-opening term:

Spin–orbit
coupling

. Preserves Sz

. Preserves TRS
(this is: none of the symmetries of graphene are 
broken)

Two copies of the Haldane 
Hamiltonian, one for each 

spin — with a reversed sign!

Haldane
Semi-infinite strip

Kane–Mele

From: Topological Insulators, M. Franz & L. Molenkamp (Eds.), Elsevier (2013)
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BUT the spin–orbit interaction allows for a
different kind of gap-opening term:

Spin–orbit
coupling

. Preserves Sz

. Preserves TRS
(this is: none of the symmetries of graphene are 
broken)

Two copies of the Haldane Hamiltonian, 
one for each spin — with a reversed sign!

Semi-infinite strip

From: Topological Insulators, M. Franz & L. 
Molenkamp (Eds.), Elsevier (2013)
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Preliminary question:

How robust are the edge states in the integer quantum Hall effect?
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Preliminary question:

How robust are the edge states in the integer quantum Hall effect?

Hint: think about the topological phase in the SSH model — which condition did we have to 
impose to have a topological phase?
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The time-reversal operation T is anti-unitary:

The positive sign holds for spinless particles, the minus sign for spin-½ particles.
Therefore, in our case:

One can then prove (and you are urged to do so as an exercise) that, given a time-reversal-invariant 
Hamiltonian,

if ψ is a stationary state with energy E, then Tψ is also a linearly independent solution with the 
same eigenvalue.
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if ψ is a stationary state with energy E, then Tψ is also a linearly independent solution with the same 
eigenvalue.

Consequences:

•  The states at time-reversal-invariant momenta (k = 0 and k = π/a) are degenerate.
    One gets a sort of “1D Dirac point” at those momenta, protected by TRS.
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if ψ is a stationary state with energy E, then Tψ is also a linearly independent solution with the same 
eigenvalue.

Consequences:

•  The states at time-reversal-invariant momenta (k = 0 and k = π/a) are degenerate.
    One gets a sort of “1D Dirac point” at those momenta, protected by TRS.

•  A deeper connection between the time-reversed states k and −k: absence of
    backscattering (at the level of single-particle processes).

Proof: the matrix element of the Hamiltonian between two such time-reversed states vanishes, provided TRS is 
preserved.
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take the time-reversed partner  ψ = Tφ  and compute:

J. Cayssol, arXiv:1303.5902



PART II · DISCUSSION

Intrinsic vs Rashba spin–orbit coupling
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Discussion on the ISO and Rashba terms.
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Discussion on band inversion — the effect of the Semenoff versus the Haldane term.

From: arXiv:1603.03576
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Spin–orbit coupling in graphene turned out to be too small to lead to a 
sizeable effect (gap ∼ mK).
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Spin–orbit coupling in graphene turned out to be too small to lead to a sizeable 
effect (gap ∼ mK).

But the story was not over — because they were right about the mechanism.

Bernevig, Hughes & Zhang, Science 
314, 1757 (2006)
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Spin–orbit coupling in graphene turned out to be too small to lead to a sizeable 
effect (gap ∼ mK).

But the story was not over — because they were right about the mechanism.

König et al., Science 318, 766 (2007)
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Spin–orbit coupling in graphene turned out to be too small to lead to a sizeable 
effect (gap ∼ mK).

But the story was not over — because they were right about the mechanism.

N. Nagaosa, Science 318, 758 (2007) — perspective on the König et al. experiment
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•  Spin–orbit coupling provides a different, time-reversal-invariant, mass term.

•  This term — different from Haldane’s or Semenoff’s — allows for a physical mechanism 
permitting helical edge states.

•  At the core, this is just two time-reversed copies of the Haldane Hamiltonian.

•  The interesting point: there is topological protection as long as TRS is preserved.

•  In this sense, the topological states of the Kane–Mele Hamiltonian are weaker than those of 
the Haldane model.



AFTER-THOUGHTS

Faraway, yet so close!
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The last page of Haldane’s 1988 paper
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Questions:

. What happens with the Chern number in this time-reversal-invariant situation?

  Hint: remember the two golden rules for the Berry curvature.

. What happens with the Hall conductance?



PART III

Beyond equilibrium and beyond Hermiticity

A short outlook: driven and non-Hermitian topological phases
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PART III · DRIVEN SYSTEMS

Periodic driving: phases with no static analogue
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A periodically driven (Floquet) system has quasi-energies defined only modulo 
ħΩ — already a qualitatively new ingredient.

The anomalous Floquet insulator: every bulk Chern number can vanish, and yet the system 
hosts robust chiral edge states — a phase with no static analogue.

One realization: shining circularly polarized light on graphene turns it into a tunable Floquet 
topological insulator, replaying much of the Haldane-model phenomenology of Part I — but 
driven by light instead of a static flux.

M. S. Rudner, N. H. Lindner, E. Berg & M. Levin, Phys. Rev. X 3, 031005 (2013)  ·  P. M. Perez-Piskunow, G. Usaj, C. A. Balseiro & L. E. F. Foà 
Torres, Phys. Rev. B 89, 121401(R) (2014)



And the story continues: 
more experiments, this time with continuous lasers
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Non-Hermitian systems: Two challenges for a topological classification
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When a system exchanges energy with its environment — gain and loss, a finite 
quasiparticle lifetime, coupling to a continuum — its effective Hamiltonian becomes 
non-Hermitian: H ≠ H†, and the spectrum is complex.

. Defining a gap for a complex spectrum.
There is no order relation for complex numbers.

. Extreme sensitivity of the spectrum to the boundary conditions.

The spectra of the finite and infinite system may not match, no matter how large — one might be 
gapped while the other is not.

L. E. F. Foà Torres, J. Phys. Mater. 3, 014002 (2020)  ·  V. M. Martinez Alvarez, J. E. Barrios Vargas, M. Berdakin & L. E. F. Foà Torres, 
Eur. Phys. J. Spec. Top. 227, 1295 (2018)



PART III · NON-HERMITIAN SYSTEMS

Two challenges for a topological classification

Quantum Matter Horizons School · Santiago · July 2026 foatorres.com  ·  @foatorres 65

When a system exchanges energy with its environment — gain and loss, a finite 
quasiparticle lifetime, coupling to a continuum — its effective Hamiltonian becomes 
non-Hermitian: H ≠ H†, and the spectrum is complex.

. Defining a gap for a complex spectrum.
There is no order relation for complex numbers.

. Extreme sensitivity of the spectrum to the boundary conditions.

The spectra of the finite and infinite system may not match, no matter how large — one might be 
gapped while the other is not.

An ordered non-Hermitian lattice may have every eigenstate anomalously localized at 
the boundary — the non-Hermitian skin effect.

L. E. F. Foà Torres, J. Phys. Mater. 3, 014002 (2020)  ·  V. M. Martinez Alvarez, J. E. Barrios Vargas, M. Berdakin & L. E. F. Foà Torres, 
Eur. Phys. J. Spec. Top. 227, 1295 (2018)
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A usual 1d system  — one new ingredient
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Chiral symmetry
(same as SSH model)

PT symmetry 
(P: parity, T: Time-reversal symmetry)

(the eigenvalues of H can be real, 
despite the non-Hermiticity)

exceptional points

T. E. Lee, PRL 116, 133903 (2016)
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All the (bulk) states condense at the boundary
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At v = w = 0.5γ every one of the 60 eigenstates coalesces onto the same edge cell: a 
pristine, ordered chain, devoid of bulk states.

V. M. Martinez Alvarez, J. E. Barrios Vargas & L. E. F. Foà Torres, Phys. Rev. B 97, 121401(R) (2018)
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Not disorder — coalescence
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Anderson localization needs interference and disorder. Here a pristine, ordered lattice 
localizes every state by sheer coalescence of eigenvectors at exceptional points — the 
Hamiltonian becomes defective (non-diagonalizable).

An “illusion of choice”: formally many eigenstates, but only a handful of independent 
directions survive in practice.

“An Aleph is one of the points in space that contains all other points.” — J. L. Borges, El Aleph. At a higher-order 
exceptional point, a number of states scaling with the system size coalesce — a physical Aleph.

This condensation can be read as an environment-mediated interaction: the non-Hermitian part of H mixes 
the eigenstates of its Hermitian half until they align onto a few selected directions.



Anomalous localization reportedAnomalous localization reported



Non-hermitian skin effectNon-hermitian skin effect



And the story goes on: And the story goes on: 
The topological origin of the non-Hermitian skin effectThe topological origin of the non-Hermitian skin effect



Okuma et al., PRL 124, 086801 (2020)

The skin effect originates from intrinsic non-Hermitian spectral winding 
topology of the Bloch Hamiltonian.



The skin effect originates from intrinsic non-Hermitian spectral winding 
topology of the Bloch Hamiltonian.

(has chiral symmetry)
(under PBC, if H has a point gap, the hermitian H also develops a real energy gap)
(the hermitian BBC then tells us that for a semi-infinite system, there is one edge state with zero energy 
and the topological invariant coincides with the spectral winding) 

Simple argument:
One can map it to the band topology of an
Hermitian Hamiltonian in an extended space:

~





Number of publications containing “non-hermitian skin effect” in the title, or abstract, until 
11Nov2024 (source: Web of Science)



Anomalous localization/non-Hermitian skin effectAnomalous localization/non-Hermitian skin effect

Many (unexpected) experimental 
confirmations!

Curiosity-driven research 
with impact  transcending the area.

Photo: LEFFT 2024 Phys. Rev. Lett. 129, 070401 (2022)



Interpreting defectiveness and connecting the dotsInterpreting defectiveness and connecting the dots

LEFFT, J. Phys. Mater. 3, 014002 (2020)

Non-Hermitian Hamiltonian as standard Hamiltonian plus boundary condition



Interpreting defectiveness and connecting the dotsInterpreting defectiveness and connecting the dots

Non-Hermitian Hamiltonian as standard Hamiltonian plus boundary condition.
Defectiveness as lack of compatibility with the bc.

LEFFT, J. Phys. Mater. 3, 014002 (2020)

X



Connections: the skin effect of Connections: the skin effect of 
reflected wavesreflected waves



PART III · FULL CIRCLE

And the story keeps closing loops

Quantum Matter Horizons School · Santiago · July 2026 foatorres.com  ·  @foatorres 71

All the material from these 
lectures will be here:

Most recently (2024), non-Hermitian topology has been observed directly in the quantum Hall effect of 
graphene — closing the loop back to where this mini-course began.

From SSH, to Haldane, to Kane–Mele, to driven & non-Hermitian phases — and back to the quantum Hall effect.

B. Özer et al., arXiv:2410.14329 (2024)
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