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Edwin H. Hall

The Hall effect was discovered by Hall in 1879, 
while working on his doctoral thesis in Physics.

As a doctoral student at John Hopkins, Edwin Hall (24) 
was puzzled by a statement in James Clerk Maxwell's 
two-volume “A Treatise on Electricity and Magnetism” 
from 1873 and was set to prove him wrong. 

The result is known today as the Hall effect.

Back to 1879
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         What happens in the quantum domain?         What happens in the quantum domain?

Back to 1879



Outline of this talk

Image: Calin StanImage: Calin Stan Image: Calin StanImage: Calin Stan

Back in 1879: The Hall effectBack in 1879: The Hall effect

TheThe  integer integer Quantum Hall effect

Topological connectionsTopological connections

The anomalous The anomalous Quantum Hall effect

The The Quantum Spin Spin Hall effect

The 3D The 3D Quantum Hall effect

Light-induced Light-induced Quantum Hall effect

Final remarksFinal remarks



101 years later…  (Grenoble 1980)101 years later…  (Grenoble 1980)
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K. von Klitzing, Phil. Trans. R. Soc. A 363, 2203 (2005). 

Silicon Field Effect Transistor 
with additional probes for 
measuring the Hall and 
longitudinal conductances.

High Magnetic Field Lab, Grenoble

An unlikely finding

2D electron gas at the 
extreme quantum limit 
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The integer Quantum Hall Effect

von Klitzing constant RK = h/e2 = 25812.807557(18) Ω

http://en.wikipedia.org/wiki/Ohm_%28unit%29


The integer Quantum Hall Effect

                          
How to explain these results?How to explain these results?

➔ Nearly exact quantization of the Hall conductance (universal 
constants) with vanishing longitudinal conductance.
 

➔ Robustness to disorder and imperfections (the samples were 
not controlled for defects).

von Klitzing constant RK = h/e2 = 25812.807557(18) Ω

Satija, “Butterfly in the Quantum World” (2016)

http://en.wikipedia.org/wiki/Ohm_%28unit%29
https://iopscience.iop.org/book/978-1-6817-4117-8
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How to explain these results?How to explain these results?

➔ Nearly exact quantization of the Hall conductance (universal 
constants) with vanishing longitudinal conductance.
 

➔ Robustness to disorder and imperfections (the samples were 
not controlled for defects).

Satija, “Butterfly in the Quantum World” (2016)

A view from the edge

A topological view

https://iopscience.iop.org/book/978-1-6817-4117-8


The integer Quantum Hall effect:The integer Quantum Hall effect:
A view from the edgeA view from the edge

Landau levels for the “bulk”

Image: wikipedia

Satija, “Butterfly in the Quantum World” (2016)

E

Interpretation of flat 
(massively degenerate) bands.

https://iopscience.iop.org/book/978-1-6817-4117-8
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Landau levels for the “bulk”

Image: wikipedia

Satija, “Butterfly in the Quantum World” (2016)

E

But in a finite system...

https://iopscience.iop.org/book/978-1-6817-4117-8


The integer Quantum Hall effect:The integer Quantum Hall effect:
A view from the edgeA view from the edge

Landau levels for the “bulk”

Image: wikipedia

Landau levels in real space

Satija, “Butterfly in the Quantum World” (2016)

https://iopscience.iop.org/book/978-1-6817-4117-8
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> Robust conductance.
(no matter how rough the edges)
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Mind the gap

No way to backscatter!!!
> Robust conductance.
(no matter how rough the edges)

Satija, “Butterfly in the Quantum World” (2016)
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A topological argument A topological argument 
to connect the edge to connect the edge 
with the bulkwith the bulk

The integer Quantum Hall effectThe integer Quantum Hall effect

Image: Flickr bonheureux

https://www.flickr.com/photos/purple-lover/


The integer Quantum Hall effect:The integer Quantum Hall effect:
A topological argument to tie the edge with the bulkA topological argument to tie the edge with the bulk

In a famous paper that appeared in 1982, 
Thouless, Kohmoto, Nightingale and den Nijs 
(usually referred as the TKNN paper), they 
showed that the Hall conductivity is precisely 
the Chern number. To such end they used 
linear response theory showing that the Kubo 
formula for the Hall conductivity gives precisely 
the Chern number.

David J. Thouless
Source: Wikipedia

Phys. Rev. Lett. 49, 405 (1982)
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David J. Thouless
Source: Wikipedia

Phys. Rev. Lett. 49, 405 (1982)



The integer Quantum Hall effect:The integer Quantum Hall effect:
A topological argument to tie the edge with the bulkA topological argument to tie the edge with the bulk

The Hall conductivity is given by the Chern 
number, a “topological invariant”, that can 
take only integer values.

information complementary to the bandstructure 

David J. Thouless
Source: Wikipedia
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The bulk is characterized by an integral 
property, a “topological invariant”.

(non-local) 

Counts the number of 
“knots” in the bulk wave-

functions.
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The Anomalous Quantum Hall effectThe Anomalous Quantum Hall effect



Haldane term
second nearest neighbors
(complex !) 

“mass” term breaking 
sublattice/inversion 
symmetry

The Anomalous Quantum Hall effectThe Anomalous Quantum Hall effect



The Quantum Spin-Hall effectThe Quantum Spin-Hall effect



BUT the spin-orbit interaction allows for a different kind 
of gap-opening term :

. Preserves Sz

. Preserves TRS
(this is, none of the 
symmetries in graphene 
are broken)

Two copies of the 
Haldane Hamiltonian, one 

for each spin with a 
reversed sign !

Spin-orbit 
coupling

± 1 
depending 
on the spin

The Quantum Spin-Hall effectThe Quantum Spin-Hall effect



Fig. from “Top. Insulators” by Franz and Molenkamp (Eds) 2013

The Quantum Spin-Hall effectThe Quantum Spin-Hall effect
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The integer Quantum Hall effect:The integer Quantum Hall effect:
Connection with the Berry phaseConnection with the Berry phase

Dynamical phasegeometrical phase



In crystals one can define the same concept with the wavevector k taking the role of 
the parameter space, and the Bloch wave-functions taking the role of the states.

Wave function

Bloch wave
Quasi momentum

J. Zak, "Berry’s phase for energy bands in solids", Phys. Rev. Lett. 62, 2747 (1989)

Connection with the Berry phaseConnection with the Berry phase



A few consequences:

➔ The Chern number is just the Berry phase for the corresponding Bloch band divided by 
2pi.
 

Connection with the Berry phaseConnection with the Berry phase



Di Xiao, Junren Shi, and Qian Niu, Phys. Rev. Lett. 95, 137204 (2005)

transverse 
motion

Connection with the Berry phaseConnection with the Berry phase

A few consequences:

➔ The Chern number is just the Berry phase for the corresponding Bloch band divided by 
2pi.
 

➔ A related quantity: the Berry curvature, acts much like a magnetic field but in k-space.

➔ Anomalous velocity and valley-Hall effect.



Quantum valley-Hall effect



Di Xiao, Junren Shi, and Qian Niu, Phys. Rev. Lett. 95, 137204 (2005)

Berry curvature and self-rotation of the wave-packets in certain special crystals.

Image: Wikimedia commons

Connection with the Berry phaseConnection with the Berry phase

Self-rotation enables transverse motion as in the Magnus 
effect.
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A quantum Hall effect in 3d?A quantum Hall effect in 3d?



Landau levels for the “bulk” in two-dimensions
E
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The gap is lost in 3D !
E

A Quantum Hall effect in 3d?A Quantum Hall effect in 3d?

Landau levels for the “bulk” in two-dimensions
E



The gap is lost in 3D.

Unless some intrinsic instability opens a gap.

Halperin predicted that in such case the Hall resistance 
would take a value  

E

A Quantum Hall effect in 3d?A Quantum Hall effect in 3d?

B. I. Halperin, “Possible states for a three-dimensional electron gas in a strong magnetic field,” Jpn J. Appl. Phys. 26, 1913 (1987)
.

period of the potential along B

http://dx.doi.org/10.7567/JJAPS.26S3.1913


A Quantum Hall effect in 3d?A Quantum Hall effect in 3d?

F. Tang et al., “Three-dimensional quantum Hall effect and metal–insulator transition in ZrTe5,” 
Nature 569, 537 (2019).

van der Waals layered material 



https://physics.aps.org/articles/v13/170

A Quantum Hall effect in 3d?A Quantum Hall effect in 3d?

Image: Wang Guoyan & He Cong

https://physics.aps.org/articles/v13/170
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Light-induced quantum Hall effect

Nature Physics 16, 38 (2020)
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Light-induced quantum Hall effect



Nature Physics 16, 38 (2020)

Light-induced quantum Hall effect



Final remarks

      

Image: Calin StanImage: Calin Stan

artificial systemsartificial systems
underunder
extreme conditions extreme conditions 

materialsmaterials
and and 

applicationsapplications

Quantum Hall effects



Final remarks

      

Image: Calin StanImage: Calin Stan

artificial systemsartificial systems
underunder
extreme conditions extreme conditions 

materialsmaterials
and and 

applicationsapplications

Quantum Hall effects



Final remarks

      

Image: Calin StanImage: Calin Stan

artificial systemsartificial systems
underunder
extreme conditions extreme conditions 

materialsmaterials
and and 

applicationsapplications

Quantum Hall effects

https://www.nist.gov/si-redefinition



Final remarks

      

Image: Calin StanImage: Calin Stan

artificial systemsartificial systems
underunder
extreme conditions extreme conditions 

materialsmaterials
and and 

applicationsapplications

Quantum Hall effects

38,298 unique materials (nonmagnetic)

52.65% of all materials are topological at EF

arXiv:2105.09954 [cond-mat.mtrl-
sci]

[Submitted on 20 May 
2021]

https://arxiv.org/abs/2105.09954
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¡Gracias!





Landau levels: The case of grapheneLandau levels: The case of graphene

Science  09 Mar 2007:
Vol. 315, Issue 5817, pp. 1379
DOI: 10.1126/science.1137201



General features: 
Halperin’s argument: propagating edge states require the presence of extended states so as 
to stop the spectral flow.

B. I. Halperin, “Quantized Hall conductance, current-carrying edge states, and the existence 
of extended states in a two-dimensional disordered potential,” Physical Review B 25, 2185 
(1982).

Semiclassical picture: internal 
rotation of the wavepacket
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