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Back to 1879

As a doctoral student at John Hopkins, Edwin Hall (24)
was puzzled by a statement in James Clerk Maxwell's
two-volume “A Treatise on Electricity and Magnetism”
from 1873 and was set to prove him wrong.

The result is known today as the Hall effect.

Edwin H. Hall



Back to 1879

The Hall effect was discovered by Hall in 1879, while
working on his doctoral thesis in Physics at John Hopkins.
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Back to 1879

The Hall effect was discovered by Hall in 1879, while
working on his doctoral thesis in Physics at John Hopkins.
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What happens in the quantum domain?

Edwin H. Hall
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An unlikely finding

Silicon Field Effect Transistor
with additional probes for
measuring the Hall and
longitudinal conductances.

2D electron gas at the
extreme quantum limit

High Magnetic Field Lab, Grenoble

K. von Klitzing, Phil. Trans. R. Soc. A 363, 2203 (2005).
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among the terminals

Multiterminal setup




BA \ High Magnetic Field Lab

Multiterminal setup - Grenoble
Fix the current I, _
measure different voltages Source | Drain

among the terminals

Hall voltage
(transversal to the electron flow)



The integer Quantum Hall Effect
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Longitudinal voltage
(dissipative part)

High Magnetic Field Lab
Grenoble

Drain

magnetic field B (T)

K. von Klitzing, Phil. Trans. R. Soc. A 363, 2203 (2005).
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The integer Quantum Hall Effect
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The integer Quantum Hall Effect

New Method for High-Accuracy Determination of the Fine-
Structure Constant Based on Quantized Hall Resistance

K. . Klitzing, G. Dorda, and M. Pepper
Phys. Rev. Lett. 45, 494 — Published 11 August 1980

PhySTCS see Focus story: Lor

A view from the edge

How to explain these results?

> Nearly exact quantization of the Hall conductance (universal
constants) with vanishing longitudinal conductance.

> Robustness to disorder and imperfections (the samples were
not controlled for defects). A topological view

Satija, “Butterfly in the Quantum World” (2016)
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The integer Quantum Hall effect:

A view from the edge

Landau levels for the “bulk”

1
E,=(n+ 5)71%

O O O O O O Interpretation of flat
ayelotron orbis (massively degenerate) bands.
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Satija, “Butterfly in the Quantum World” (2016)

Image: wikipedia
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The integer Quantum Hall effect:

A view from the edge

Landau levels for the “bulk”
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The integer Quantum Hall effect:

A view from the edge

Landau levels in real space Landau levels for the “bulk”
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Mind the gap

No way to backscatter!!!
> Robust conductance.

(no matter how rough the edges)




The integer Quantum Hall effect:

A view from the edge
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Mind the gap

No way to backscatter!!!
> Robust conductance.

(no matter how rough the edges)
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The integer Quantum Hall effect

A topological argument
to connect the edge
with the bulk
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The integer Quantum Hall effect:

A topological argument to tie the edge with the bulk

In a famous paper that appeared in 1982,
Thouless, Kohmoto, Nightingale and den Nijs
(usually referred as the TKNN paper), they
showed that the Hall conductivity is precisely
the Chern number. To such end they used
linear response theory showing that the Kubo
formula for the Hall conductivity gives precisely
the Chern number.

Phys. Rev. Lett. 49, 405 (1982)

David J. Thouless
Source: Wikipedia
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A topological argument to tie the edge with the bulk

Quantized Hall Conductance in a Two-Dimensional Periodic Potential

D. J. Thouless, M. Kohmoto,'*’ M. P, Nightingale, and M, den Nijs
Depariment of Physics, University of Washington, Seattle, Washington 98195
(Received 30 April 1982)

The Hall conductance of a two-dimensional electron gas has been studied in a uniform
magnetic field and a periodic substrate potential &7, The Kubo formula is written in a
form that makes apparent the quantization when the Fermi energy lies in a gap. Explicit
expressions have been obtained for the Hall conductance for both large and small U /Aw,.

PACS numbers: 72.15.Gd, 72.20. Mg, 73.90.+b

Phys. Rev. Lett. 49, 405 (1982)

David J. Thouless
Source: Wikipedia



The integer Quantum Hall effect:

A topological argument to tie the edge with the bulk

The Hall conductivity is given by the Chern
number, a “topological invariant”, that can
take only integer values.

Information complementary to the bandstructure

David J. Thouless
Source: Wikipedia



The integer Quantum Hall effect:

A topological argument to tie the edge with the bulk

The bulk is characterized by an integral F
property, a “topological invariant”. B7

Counts the number of
“knots” in the bulk wave-
functions.



The integer Quantum Hall effect:

A topological argument to tie the edge with the bulk

The bulk is characterized by an integral F
property, a “topological invariant”. B7

Counts the number of
“knots” in the bulk wave-

functions.
Moore, Nature 464, 164 (2010). @

Not all insulators are equal.



The integer Quantum Hall effect:

A topological argument to tie the edge with the bulk

The bulk is characterized by an integral F
property, a “topological invariant”. B7

Counts the number of
“knots” in the bulk wave-

functions.
Moore, Nature 464, 164 (2010). @

Not all insulators are equal.
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A topological argument to tie the edge with the bulk

Image: Nobel Foundation



The Anomalous Quantum Hall effect

VOLUME 61, NUMBER 18 PHYSICAL REVIEW LETTERS 31 OCTOBER 1988

Model for a|Quantum Hall Effect without Landau Levels:
Condensed-Matter Realization of the “Parity Anomaly”

F. D. M. Haldane

Department of Physics, University of California, San Diego, La Jolla, California 92093
(Received |16 Sepiember 1987)

A two-dimensional condensed-matter lattice model is presented which exhibits a nonzero quantization
of the Hall conductance o™ in the absence of an external magnetic field. Massless fermions without
spectral doubling occur at critical values of the model parameters, and exhibit the so-called “parity
anomaly™ of (2+1)-dimensional field theories.

PACS numbers: 05.30.Fk, 11.30.Rd



The Anomalous Quantum Hall effect

H.= AijCC + /()ZCC + ¥o Z e “”“I

(,7)
E;=+1whenje A & =+1when je B
“mass” term breaking Haldane term
sublattice/inversion second nearest neighbors
symmetry (complex )

k(??lr/a)



The Quantum Spin-Hall effect

k ending
PRL 95, 226801 (2005) PHYSICAL REVIEW LETTERS 25 NOVEMBER 2005

Quantum Spin Hall Effect in Graphene

C.L. Kane and E.J. Mele

Dept. of Physics and Astronomy, University of Pennsylvania, Philadelphia, Pennsylvania 19104, USA
(Received 29 November 2004; published 23 November 2005)

We study the effects of spin orbit interactions on the low energy electronic structure of a single plane of
graphene. We find that in an experimentally accessible low temperature regime the symmetry allowed spin
orbit potential converts graphene from an ideal two-dimensional semimetallic state to a quantum spin Hall
insulator. This novel electronic state of matter is gapped in the bulk and supports the transport of spin and
charge in gapless edge states that propagate at the sample boundaries. The edge states are nonchiral, but
they are insensitive to disorder because their directionality is correlated with spin. The spin and charge
conductances in these edge states are calculated and the effects of temperature, chemical potential, Rashba
coupling, disorder, and symmetry breaking fields are discussed.

DOI: 10.1103/PhysRevLett.95.226801 PACS numbers: 73.43.—f, 72.25.Hg, 73.61.Wp, 85.75.—d



The Quantum Spin-Hall effect

BUT the spin-orbit interaction allows for a different kind
of gap-opening term :

. Preserves Sz

Spin-orbit - TN ,
C(E)upling 17SO Z((i,j)),sz VZ’J:?%/IZ’ $.){(J, S,
. Preserves TRS
(this is, none of the
=1 symmetries in graphene
depending are broken)
on the spin

Two copies of the
Haldane Hamiltonian, one
for each spin with a
reversed sign !




The Quantum Spin-Hall effect

Fig. from “Top. Insulators” by Franz and Molenkamp (Eds) 2013



Connection with the Berry phase

Proc. R. Soc. Lond. A 392, 45-57 (1984)

Printed in Great Britain

Quantal phase factors accompanying adiabatic changes

By M.V.BEerry, F.R.S.

H. H. Wills Physics Laboratory, University of Bristol,
Tyndall Avenue, Bristol BS8 1TL, UK.

(Recerved 13 June 1983)




Connection with the Berry phase

H(A) A(t) = (A1(t), Aa(2), ..., An(2))



Connection with the Berry phase



The integer Quantum Hall effect:

Connection with the Berry phase

H(A) A(t) = (A1(t), Aa(t

t

)y ooy An (1))
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geometrical phase
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Dynamical phase



Connection with the Berry phase

In crystals one can define the same concept with the wavevector k taking the role of
the parameter space, and the Bloch wave-functions taking the role of the states.

Quasi m merl?tlor%h wave
Wave function 1 f
Yr(z) = ™ K. Hi |Unk) = Enk [Unk)

J. Zak, "Berry’s phase for energy bands in solids", Phys. Rev. Lett. 62, 2747 (1989)



Connection with the Berry phase

A few consequences:

> The Chern number is just the Berry phase for the corresponding Bloch band divided by
2pi.



Connection with the Berry phase

A few consequences:

> The Chern number is just the Berry phase for the corresponding Bloch band divided by
2pi.

> Arelated quantity: the Berry curvature, acts much like a magnetic field but in k-space.

> Anomalous velocity and valley-Hall effect. transverse

motion
1 d&.(k) BB
=————kXQ,(k
r h ak H( )?

hk = —eE(r) — er X B(r),

Di Xiao, Junren Shi, and Qian Niu, Phys. Rev. Lett. 95, 137204 (2005)




Quantum valley-Hall effect

world

P .

- - -1;k) i'
PRL 99, 236809 (2007) PHYSICAL REVIEW LETTERS 7 DECEMBER 2007

Valley-Contrasting Physics in Graphene: Magnetic Moment and Topological Transport

Feature: Graphene

Di Xiao,” Wang Yao,” and Qian Niu
Department of Physics, The University of Texas, Austin, Texas 78712-0264, UUSA
(Received 11 September 2007: published 7 December 2007)

We investigate physical properties that can be used to distinguish the valley degree of freedom in
systems where inversion symmetry is broken, using graphene systems as examples. We show that the
pseudospin associated with the valley index of carriers has an intrinsic magnetic moment, in close analogy
with the Bohr magneton for the electron spin. There is also a valley dependent Berry phase effect that can
result in a valley contrasting Hall transport, with carriers in different valleys turning into opposite
directions transverse to an in-plane electric field. These effects can be used to generate and detect valley
polarization by magnetic and electric means, forming the basis for the valley-based electronics

applications.
applications, Pl od :
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Connection with the Berry phase

Berry curvature and self-rotation of the wave-packets in certain special crystals.

Image: Wikimedia commons

wave packet
Wrire ke)

effect.

Di Xiao, Junren Shi, and Qian Niu, Phys. Rev. Lett. 95, 137204 (2005)
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A Quantum Hall effect in 3d?

Landau levels for the “bulk” in two-dimensions

1
E,=(n+ 5)71%




A Quantum Hall effect in 3d?

E A
Landau levels for the “bulk” in two-dimensions
i
E,=(n+ -)hw,
2
E A

The gap islostin 3D !




A Quantum Hall effect in 3d?

Proc. 18th Int. Conf. on Low Temperature Physics, Kyoto, 1987
Japanese Journal of Applied Physics, Vol. 26 (1987) Supplement 26-3

B. I. Halperin, “Possible states for a three-dimensional electron gas in a strong magnetic field,” Jpn J. Appl. Phys. 26, 1913 (1987)

Possible States for a Three-Dimensional Electron Gas in a Strong Magnetic Field

Bertrand I. HALPERIN

E A
The gap is lost in 3D.

Unless some intrinsic instability opens a gap.

Halperin predicted that in such case the Hall resistance
would take a value

R
period of the potential along B 1\)>h/62


http://dx.doi.org/10.7567/JJAPS.26S3.1913

A Quantum Hall effect in 3d?

Proc. 18th Int. Conf. on Low Temperature Physics, Kyoto, 1987
Japanese Journal of Applied Physics, Vol. 26 (1987) Supplement 26-3

Possible States for a Three-Dimensional Electron Gas in a Strong Magnetic Field

LETTER

Bertrand I. HALPERIN

https://doi.org/10.1038/s41586-019-1180-9

Three-dimensional quantum Hall effect and
van der Waals layered material metal—insulator tl’aIlSitiOIl il‘l ‘ZI‘TG5

Fangdong Tang"®, Yafei Ren*?, Peipei Wang', Ruidan Zhong?, John Schneeloch?, Shengyuan A. Yang**, Kun Yang™®,
Patrick A. Lee’, Genda Gu?, Zhenhua Qiao?* & Liyuan Zhang'#

F. Tang et al., “Three-dimensional quantum Hall effect and metal—-insulator transition in ZrTe5,”
Nature 569, 537 (2019).



A Quantum Hall effect in 3d?

Theory for the Charge-Density-Wave Mechanism of 3D Quantum
Hall Effect

Fang Qin (884), Shuai Li, Z. Z. Du, C. M. Wang, Wenging Zhang, Dapeng Yu, Hai-Zhou Lu, and X. C. Xie
Phys. Rev. Lett. 125, 206601 — Published 9 November 2020

PhyéT{% See Viewpoint: Digging into the 3D Quantum Hall Effect
A-‘
Phys|cs VIEWPOINT

Digging into the 3D Quantum
Hall Effect

Theorists invoke electron-phonon interactions to explain the recent
observation of the quantum Hall effect in a 3D electronic system.

By Luis E. F. Foa Torres

https://physics.aps.org/articles/v13/170

Image: Wang Guoyan & He Cong
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Light-induced quantum Hall effect

LETTERS o

https://doi.org/10.1038/s41567-019-0698-y phySlCS

Nature Physics 16, 38 (2020)
Light-induced anomalous Hall effect in graphene

<J. W. Mclv@ B. Schulte'?, F.-U. Stein'3, T. Matsuyama', G. Jotzu™", G. Meier @' and A. Cavalleri®"**
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Light-induced quantum Hall effect

LETTERS ure, L)
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Light-induced quantum Hall effect
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Quantum Hall effects

PHYSICAL REVIEW LETTERS 122, 200001 (2019)

materials
and

Essay: Quantum Hall Effect and the New International System of Units ) ]
applications

Klaus von Klitzing
Max Planck Institut fiir Festkdrperforschung, Heisenbergstrafie 1, D-70569 Stuitgart, Germany

® (Received 18 March 2019; published 20 May 2019)

On 20 May 2019 the International System of Units will switch over to a new, globally accepted
set of definitions based on constants of nature. The quantum Hall effect, discovered 39 years ago,
plays an essential role in this development and will now contribute to a new definition of the
kilogram. Ironically, the title of publication in Physical Review Letters that introduced the quantum Hall
effect is, in hindsight, inaccurate in view of the revised units [K. von Klitzing, G. Dorda, and M. Pepper,
New Method for High-Accuracy Determination of the Fine-Structure Constant Based on Quantized Hall
Resistance, Phys. Rev. Lett. 45, 494 (1980)].

DOI: 10.1103/PhysRevLett.122.200001




Final remarks

LFE S|

The S| — the modern metric system — has seven base units from which all other measurement units can be derived. On May 20,

materials

2019, four of them — the kilogram, kelvin, ampere and mole — were redefined in terms of constants of nature. The remaining . - el 23 an d

applications

three — the second, meter, and candela —are already based on uni

Click on the Si symbols below for more information.

Kilogram Candela
kg cd

https://www.nist.gov/si-redefinition
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[Submitted on 20 May
2PR42105.00954 [cond-mat.mtrl-
sci]
All Topological Bands of All Stoichiometric Materials

materials
and
applications

Maia G. Vergniory,»2:* Benjamin J. Wieder,?%5:* Luis Elcoro,® Stuart S. P.
Parkin,” Claudia Felser,® B. Andrei Bernevig,® and Nicolas Regnault®?: 1

38,298 unique materials (nonmagnetic)

52.65% of all materials are topological at EF


https://arxiv.org/abs/2105.09954
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Landau levels: The case of graphene

Room-Temperature Quantum Hall
Effect in Graphene

K. S. Novoselov,* Z. Jiang,*? Y. Zhang,’ S. V. Morozov,* H. L. Stormer,” U. Zeitler,? ]. C. Maan,*
G. S. Boebinger,® P. Kim,** A. K. Geim™*
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General features:

Halperin’s argument: propagating edge states require the presence of extended states so as
to stop the spectral flow.

B. I. Halperin, “Quantized Hall conductance, current-carrying edge states, and the existence
of extended states in a two-dimensional disordered potential,” Physical Review B 25, 2185
(1982).

Semiclassical picture: internal
rotation of the wavepacket
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Precise Quantization of the Anomalous Hall Effect near Zero Magnetic Field

A.J. Bestwick,"” E.J. Fox,"” Xufeng Kou,® Lei Pan,” Kang L. Wang,’ and D. Goldhaber-Gordon'*"
'Department of Physics, Stanford University, Stanford, California 94305, USA
erm;,fb:d Institute for Materials and Energy Sciences, SLAC National Accelerator Laboratory,
2575 Sand Hill Road, Menlo Park, California 94025, USA
*Department of Electrical Engineering, University of California, Los Angeles, California 90095, USA
(Received 16 January 2015: revised manuscript received 16 March 2015; published 4 May 2015)

We report a nearly ideal quantum anomalous Hall effect in a three-dimensional topological insulator thin
film with ferromagnetic doping. Near zero applied magnetic field we measure exact quantization
in the Hall resistance to within a part per 10000 and a longitudinal resistivity under 1 Q per square,
with chiral edge transport explicitly confirmed by nonlocal measurements. Deviations from this behavior
are found to be caused by thermally activated carriers, as indicated by an Arrhenius law temperature
dependence. Using the deviations as a thermometer, we demonstrate an unexpected magnetocaloric effect
and use it to reach near-perfect quantization by cooling the sample below the dilution refrigerator base
temperature in a process approximating adiabatic demagnetization refrigeration.
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