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Floquet chiral edge states in graphene

P. M. Perez-Piskunow,1 Gonzalo Usaj,2,3 C. A. Balseiro,2,3 and L. E. F. Foa Torres1,*

1Instituto de Fı́sica Enrique Gaviola (CONICET) and FaMAF, Universidad Nacional de Córdoba, Argentina
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3Consejo Nacional de Investigaciones Cientı́ficas y Técnicas (CONICET), Argentina
(Received 8 August 2013; revised manuscript received 20 February 2014; published 5 March 2014)

We report on the emergence of laser-induced chiral edge states in graphene ribbons. Insights on the nature of
these Floquet states is provided by an analytical solution which is complemented with numerical simulations of
the transport properties. Guided by these results we show that graphene can be used for realizing nonequilibrium
topological states with striking tunability: while the laser intensity can be used to control their velocity and decay
length, changing the laser polarization switches their propagation direction.
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Introduction. Topological insulators (TI) [1,2] are an exotic
family of materials [3] where a bulk gap is bridged by edge
states which propagate even in the presence of disorder,
thereby providing a potentially outstanding platform for
quantum computation [4,5] or spintronics [6], among many
other applications [2]. Graphene [7–9], on the other hand,
has emerged as a novel material with record electronic [10],
thermal [11], mechanical, and optical properties [12–15].
Endowing graphene with protected edge states would unite
the best of both materials.

Since graphene is a zero gap semiconductor a very first step
is the creation of a bulk band gap. Predictions indicate that a
circularly polarized laser can do this task [16–20]—this was
verified by a recent experiment at the surface of a TI [21].
Although laser induced band gaps appear both at the Dirac
point [22,23] and away from it, the most promising ones are the
latter [24], also called dynamical gaps [25], which occur at half
the photon energy (��) above/below the Dirac point and can
be reached within an experimentally relevant set of parameters
[19] (n ∼ 2.5 × 1011 cm−2 for �� = 100 meV, λ ∼ 10 μm).
Once the bulk gap opens, one should look for Floquet edge
states (FES). Such intriguing states were proposed in [26–28]
and realized recently in photonic crystals [29], but experiments
were not reported in condensed matter so far. Crafting FES
within dynamical gaps in graphene would extend the realm of
Floquet topological insulators (FTI) [26,30] and lead to a new
playground for optoelectronics [12,31].

Here we show how chiral edge states emerge at the
dynamical band gaps in graphene. To such end we use Floquet
theory (FT) and combine numerics with an explicit analytical
solution for the edge states. Our analysis reveals that these
states decay exponentially towards the bulk with a decay length
that depends only on the ratio of the field’s frequency and its
intensity. More importantly, these FES turn out to be chiral,
i.e., all the states on each edge of the sample propagate in the
same direction, like in one-way streets. Additional simulations
of charge transport confirm the edge states’ robustness against
disorder, highlighting their chirality.

Model for irradiated graphene and Floquet theory. To start
with let us introduce our model Hamiltonian for irradiated
graphene. By using Weyl’s gauge the electromagnetic field
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(incident perpendicular to the graphene sheet) is modeled
through a vector potential A(t) = Re{A0e

i�t }. We take A0 =
A0(x̂ + i ŷ) that yields a circularly polarized field. The inter-
action with the laser is modeled through the Hamiltonian

Ĥ(t) = vF σ ·
[

p + e

c
A(t)

]
, (1)

where vF � 106 m/s denotes the Fermi velocity and σ =
(σx,σy) the Pauli matrices describing the pseudospin degree
of freedom—the real spin does not play a role here.

Given the time periodicity of the Hamiltonian, we resort
to FT [32,33]. The main advantage is that it provides a
nonperturbative solution, as required in our case. The solutions
of the time-dependent Schrödinger equation are of the form
ψα(r,t) = exp(−iεαt/�)φα(r,t), where φα(t) has the same
time periodicity as the Hamiltonian, φα(t + T ) = φα(t) with
T = 2π/�, and is the solution of ĤF φα(t) = εαφα(t), where
ĤF = Ĥ − i� ∂

∂t
is the Floquet Hamiltonian and εα determine

the quasienergy spectrum. This is essentially an eigenvalue
problem in the space R ⊗ T , where R is the usual Hilbert
space and T is the space of periodic functions with period
T [spanned by the set of orthonormal functions exp(im�t),
where m is an integer that labels the Floquet replicas]. Written
in this basis, ĤF is a time-independent infinite matrix where
only the replicas with �m = ±1 are coupled by the radiation
field. The solutions can be obtained by truncating the Floquet
basis, keeping only the replicas with |m| � Nmax and choosing
Nmax so that desired magnitudes converge. Then one can
compute the average density of states, the dc conductance,
and all physical quantities of interest [32,34]. Whereas the
Dirac Hamiltonian (1) is suitable for analytic calculations at
low energies, in some cases, as for transport calculations,
numerically solving the more complete tight-binding model
is more convenient [19]. Here we use both methods.

Unveiling the emergence of a Floquet topological phase.
Thanks to graphene’s peculiar electronic structure, a laser can
induce a resonant coupling between electronic states for any
frequency in the range of interest (�� � 150 meV). Indeed,
there is always a state below the Dirac point that can be
coupled to a corresponding state above the Dirac point with
the excess energy being released or absorbed by the laser field.
When looked at from the viewpoint of FT, these two states are
degenerate (belonging to different replicas) and are split by the
laser field. This leads to the possibility of creating a bulk band
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FIG. 1. (Color online) (a) Scheme of the setup: a laser of fre-
quency � illuminates a section of an eventually disordered graphene
ribbon. The circular polarization is shown to induce chiral edge states
(b)–(d). Typical evolution of the quasienergy dispersion as the system
width W is increased [(b) W = 21.3 nm, (c) W = 42.6 nm, and
(d) W = 426 nm] obtained from a numerical solution of (1). The
laser frequency in this plot is �� = 0.2γ0 and Nmax = 2. The color
indicates the weight contributing to the average density of states. Note
that there is also a minigap [24] at the Dirac point which was studied
in [22,23] but which is negligible for this parameter range. Enhancing
this feature would require a much higher frequency and a laser power
6–7 orders of magnitude larger [22] than in this proposal.

gap through a laser excitation as described in [16], reaching
experimentally accessible magnitudes in the midinfrared range
[19] (as recently observed [21]). In the following we explicitly
show that these bulk band gaps are accompanied by chiral FES
[35].

Figures 1(b)–1(d) show the quasienergy dispersion of
zigzag ribbons, described with Hamiltonian (1), in the presence
of a circularly polarized laser. Among the many states in
the Floquet spectrum only those with a weight on a given
channel, say the m = 0 channel, determine the gap in the
time-averaged density of states. This weight is shown in color
scale in Figs. 1(b)–1(d). As the ribbon width increases one can
follow the emergence of states bridging the bulk band gap.

Figures 2(a) and 2(b) show that these states are localized on
the edges of the graphene ribbon and, more importantly, that
each band (shown with red and blue colors) corresponds to
states localized on opposite edges of the sample. Besides the
exponential decay towards the bulk, they also present an oscil-
latory component as seen in Fig. 2. In contrast to the usual edge
states found in zigzag nanoribbons [10,36,37], these FES are
away from the Dirac point and are topologically protected as
we discuss below. They are present for any ribbon termination
(we checked this numerically for a few cases, not shown).

While Figs. 1(b)–1(d) were calculated for a single Dirac
cone, Figs. 2(a) and 2(b) confirm that each Dirac cone (at K

and K ′) supports similar states. The states propagating along a
given border have the same sign of ∂εα/∂k whether they come
from around K or K ′. Therefore, on each edge they propagate
in the same direction.

Analytical solution for the FES in graphene. What drives
the transition in Figs. 1(b)–1(d), and what is the nature of the
emerging states? To rationalize this behavior we solve for the
eigenstates of the Floquet Hamiltonian for zigzag ribbons in
the limit of low laser power and large ribbon width and obtain
explicit analytic solutions for the FES. The details will be
presented elsewhere; we now give the main results.

Since radiation does not couple the two inequivalent
Dirac points (K and K ′), we can solve for each of them
separately. By restricting to the subspaces with m = 0 and
m = 1, the dominant channels near the dynamical gap, the
eigenstates of the Floquet equation HF  = ε near, say,
K involve the four-component wave function (r) =
{u1A(r),u1B(r),u0A(r),u0B(r)}; here 0 and 1 stand for the
Floquet channel index and A and B for the inequivalent
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FIG. 2. (Color online) Quasienergy dispersion versus k in the neighborhood of the K [(a) inset] and K ′ [(b) inset] points. The weight on
the m = 0 Floquet channel is shown in color scale from white (zero) to black (one). The FES bridging the gap at ��/2 which have a weight
close to 0.5 are highlighted with red and blue. The spatial distribution of the probability density for those states at each valley (for the A sites)
is shown in color scale in the respective main frames. Panel (c) shows a cut along the map shown in (a) for εα = 0.15γ0, this time including
type A and B sites (squares and circles) as well as the result from the analytical calculation (dashed and solid lines). The results correspond to
circularly polarized light with �� = 0.3γ0 and η = 0.05 and a zigzag graphene ribbon with W = 213 nm.
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lattice sites—the full time dependent solution is ψ(r,t) =
exp(−iεt/�)φ(r,t) = exp(−iεt/�)

∑
m,i exp(im�t)umi(r).

The boundary conditions imply that the wave function has
to vanish at the sample edges umB(x = 0) = 0 and umA(x =
W ) = 0. As we look for solutions localized on the edges of
the sample we do not need to impose both conditions simul-
taneously in the wide sample limit (defined below) but only
one of them. We find that the components of these eigenstates
have the simple form umi(r) = C eikyyeqxSmi(x)—here C is a
normalization constant and Smi(x) a trigonometric function.
Therefore, the solutions are propagating along the ribbon
direction (y) and decay as they penetrate into the sample.

The quasienergy dispersion of the edge states near the center
of the dynamical gap can be approximated by

ε

��
≈ (1 + 2η2)

2(1 + η2)
± η

2(1 + η2)

ky

k0
, (2)

where the adimensional parameter η = evF A0/c�� is a
measure of the strength of the electron-photon coupling
and �vF k0 = ��/2—the gap is defined by |ε − ��/2| �
��η/2

√
1 + η2. The expressions for the eigenstates become

simpler at the center of the dynamical gap (ε = ��/2). In this
case, the solutions vanishing at umB(x = 0) = 0 are

K,−(r) = e−iy/2ξ e−x/2ξ

√
1

2ξLy

{− cos k0x

+ 2η sin k0x,i sin k0x,i cos k0x,− sin k0x}, (3)

while the ones vanishing at the opposite edge umA(x = W ) =
0 have the form

K,+(r) = e−iy/2ξ ex̃/2ξ

√
1

2ξLy

×{i sin k0x̃,− cos k0x̃, sin k0x̃,− cos k0x̃

− 2η sin k0x̃}. (4)

Here x̃ = x − W and Ly is the length of the sample. The
oscillation frequency set by the parameter k0 depends on the
laser frequency and on the graphene’s Fermi velocity. For a
midinfrared laser with �� ∼ 100 meV, this leads to an spatial
modulation with period of ∼2 nm.

Strikingly, the decay rate is governed by the length scale
ξ = ��/eE0, which is independent of graphene’s microscopic
parameters, being of the order of 50 nm for a laser of
5 mW/μm2—here E0 = �A0/c is the amplitude of the
radiation field. This result is consistent with the fact that
ξ ∼ �vF /�, where � ∼ evF A0/c is the size of the bulk
quasienergy gap.

We notice that the edge states require a ribbon width W � ξ

to develop; otherwise, they couple to each other and split [as in
Figs. 1(b) and 1(c)]. Figure 2(c) shows the excellent agreement
between the numerical results (squares and circles) and the
analytical solution (dashed and solid lines).

It follows from Eq. (2) that the average velocity of the edge
states along the ribbon’s edge is given by

vES = ± η

1 + η2
vF , (5)

where the plus (minus) sign corresponds to Eq. (3) [Eq. (4)]
[38]. Thus the FES (of the K cone) located at the opposite
sides of the sample have opposite velocities.

Interestingly enough, similar results are obtained from the
analytical solutions corresponding to the K ′ point as can be
anticipated from Figs. 2(a) and 2(b) (inset). The important
result is that the edge states coming from both Dirac cones
propagate in the same direction on a given side of the sample.
That is, these FES are chiral and topologically protected and
they are expected to exhibit a Hall response [16,39]. Since the
propagation direction is set by the circularly polarized laser,
it can be reversed by changing from, say, left to right handed
polarization and so will do the Hall response.

The presence of two chiral modes is also supported by the
calculation of the Chern numbers associated with HF keeping
the m = 0,1 replicas [35]. Including other replicas introduces

FIG. 3. (Color online) Spatial distribution of the total transmis-
sion probabilities between point probes located sites s1 on layer L

and s2 on layer R. These layers are located 63 nm from each other
and are marked with dashed lines in the insets. s1 is taken as the
second atom counting from the left [panels (a), (c), and (e)] or from
the right [panels (b), (d), and (f)] and are marked with a red dot on
the insets. The x coordinate of s2 on layer R is the horizontal axis
in these plots (acc is the carbon-carbon distance). The transmission
probabilities Ts1→s2 and Ts2→s1 are shown as blue and red points,
respectively, and are normalized to their maximum value. Panels (a)
and (b) are for a pristine sample (106 nm wide) irradiated with circular
polarization (�� = γ0, η = 3/16) and with a Fermi energy close to
the center of the dynamical gap (ε = 0.497 × ��). The black dashed
lines are exponentials with a decay rate of 1/ξ , as indicated by the
analytical solution. In panels (c) and (d) random vacancies at 0.1%
are introduced between layers L and R, while in (e) and (f) a strip
2 nm wide and 15.7 nm long was cut from the right side of the sample.
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additional edge modes (increasing the value of the Chern
invariant) but those, having a negligible weight on the m = 0
subspace, do not contribute to the dc properties. For elliptical
polarization, the results remain qualitatively the same.

Chirality and robustness against disorder. We have pre-
sented both an analytical solution and numerical results
confirming the emergence of FES within the dynamical gaps
in graphene. But can we numerically test the chirality of these
states? For that we use a setup involving transport through local
probes: we include weakly coupled probes to two different
sites of the irradiated sample (s1,s2) separated by a distance
d along the y direction and compute the total transmission
probability between those points [34,39] (see Supplemental
Material [40]). If the states are chiral we expect a strong
directional asymmetry between the transmission probability
from left to right Ts1→s2 and vice versa Ts2→s1 —blue and
red curves, respectively, in Fig. 3. Panels 3(a) and 3(b), that
correspond to pristine graphene, show that there is a marked
directional asymmetry in the propagation of the Floquet states,
a hallmark of their chiral nature.

Panels 3(c) and 3(d) test the robustness against vacancies
included at random in between layers L and R with a density
of 0.1%. Although the defects produce a small amount of edge
to edge scattering, the states remain chiral to a high extent.
The same disorder configuration leads to about 40% of the
electrons to be backscattered in the absence of radiation. In
Figs. 3(e) and 3(f) a strip 2 nm wide and 15.7 nm long was
cut from the right side of the sample in between L and R

as shown in the insets. Once more, the spatial distribution
of the transmission is not being compromised. This supports
the conclusion that FES behave as one-way channels where
transport is robust against defects.

Final remarks. We have shown how chiral FES emerge
inside the dynamical gaps created by the same laser field in
graphene. Our analytical expressions for the FES demonstrate
that the decay length of these peculiar states is governed only
by the applied circularly polarized laser. Further simulations
confirm their chirality and highlight their robustness to
structural disorder.

Our results indicate that a realization of such topological
phase is, though experimentally challenging, feasible in
graphene. For a CO2 laser with λ ∼ 9.3 μm (�� ∼ 133 meV),
at temperatures of about 4 K a bulk band gap in excess of
kBT can be achieved for a laser power of about 5 mW/μm2.
Furthermore, for a midinfrared laser the energy shift required
to reach the dynamical gaps is in the order of 50–70 meV,
a value that can be reached with a standard gate applied to
the sample (n ∼ 3 × 1011 cm−2). Our results may point a way
towards novel devices with great tunability and robustness
against disorder.
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[17] F. J. López-Rodrı́guez and G. G. Naumis, Phys. Rev. B 78,

201406 (2008).
[18] O. V. Kibis, Phys. Rev. B 81, 165433 (2010).
[19] H. L. Calvo, H. M. Pastawski, S. Roche, and L. E. F. Foa Torres,

Appl. Phys. Lett. 98, 232103 (2011).
[20] S. E. Savel’ev and A. S. Alexandrov, Phys. Rev. B 84, 035428

(2011).
[21] Y. H. Wang, H. Steinberg, P. Jarillo-Herrero, and N. Gedik,

Science 342, 453 (2013).
[22] T. Kitagawa, T. Oka, A. Brataas, L. Fu, and E. Demler, Phys.

Rev. B 84, 235108 (2011).
[23] Z. Gu, H. A. Fertig, D. P. Arovas, and A. Auerbach, Phys. Rev.

Lett. 107, 216601 (2011).
[24] The minigap at the Dirac point involves a virtual process with

photon emission and reabsorption. Previous studies inferred on
the topological properties at this minigap based on calculations
in the bulk [22, 41] or for ultrasmall ribbons [23] .

[25] S. V. Syzranov, M. V. Fistul, and K. B. Efetov, Phys. Rev. B 78,
045407 (2008).

[26] N. H. Lindner, G. Refael, and V. Galitski, Nat. Phys. 7, 490
(2011).

[27] T. Kitagawa, E. Berg, M. Rudner, and E. Demler, Phys. Rev. B
82, 235114 (2010).

[28] Y. Tenenbaum Katan and D. Podolsky, Phys. Rev. B 88,
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